M.Sec. Examination, 2022
Semester-I '
Statistics
Course: MSC-11
(Linear Models and Distribution Theory)

Time: 3 Hours Full Marks: 40

Questions are of value as indicated in the margin
Notations have their usual meanings

Answer any four questions

1. (a). Show that the general solution of

the system of homogeneous equations
Ax = 0 can be expressed as

X=U-H)z [-
Where z is any arbitrary vector, H = $~5,§ = X'x

How will you modify this result for the non-homogeneous consistent equations
Ax = u?

(b) Let 3B and LB are two estimable functions and 3B and 1, be their least
Square estimates respectively. Find Var(l;B) and Cov(l1 B, 1, B).
6+4
\4 (a). Define estimation space and error space. Show that the covariance between

any linear function belonging to the error space and any BLUE is zero.
(b). Consider the following linear model:
Yij =1+ 1+ €y, i=12;j=123
Is 7, — 7, estimable? 7+3
- (a) Show that all linear parametric functions, for the linear model y=xfB+e€,in
B are estimable if and only if X has full rank.

(b). Show that for the liner model y = XP + € anecessary and sufficient

condition for a linear parametric function AB to be estimable is that A’ is a linear
combination of rows of x'x. 5+5

ﬂ (a) Show that the conditional minimum of the sum of squares of the residuals ?
(¥ —XB)'(y — XPB), in the model y = XB + ¢, E(e) = 0,V(€) = a?l, subject to :
m conditions AB = d, where AP are estimable and rank(A) = m, exceeds the
error sum of squares (SSE).

(b) Show that fs—jf@ follows a non-central y? distribution. 6+4

5. (a) What is general linear hypothesis? When it is called “testable”?
(b) Consider the model y; = 6; + ¢;,i = 1(1)n

Where the parameters 6; are subject to the restriction Y11, 6; = 0



Write down a test procedure to test the following hypothesis
Hy: 6; = 6 (i #j)i,j=11n i 347
b4, (@) State and prove Cochran’s theorem on quadratic forms. Give an example
where this theorem can be used.
(b) If M ~ W,(Z,m) and B is a p X q matrix, then show that
B'MB ~ W,(B'2B,m) 743
T §. (a) If M ~ W,(Z,m),m > p then show that the ratio

T i g
a.';_ja has the y7,—,+1distribution for any fixed p-vector a

(b). Prove that the BLUE of any linear combination of estimable parametric function

is the linear combination of their BLUES. 743
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Questions are of value as indicated in the margin,
Notations have their usual meanings

NOTE: There are tota] 6 questions. Answer any 4 questions,

+ (2) Let F be the distribution function on R piven by:
B

0, x<-1
A Jltx, —-1<z<p
Fla) = 2+22, 0<r<o
& 9, r>2
Let 1 be the Lchcsguo—Sticltjcs
following gots (with explanations)
(i) {2}
() {z: |o|+222> 1}
(iii) (=1,0]u (1, 2)

measure corresponding o F, compule the

measire of each of the

(b) Let 2 = R2. Define A, as the

limsup,, A,, and lim inf,, A

__'1 n
interior of the eircle with radius 1 and center (( )
n

————.D). Find
n With snitable explanations.

[(1+2+2)+5=10)
(a) State Monotone convergence theorem

and Dominated convergence theorem.  Define Characteristic
[unction. If XX, s X, are n indep

endent random variables, then show that

X+ Xgtt X, (W) = Px, (W)Bx, (w) - by, (w).

(b) Define open ball and interior point in ®". Def
R™. Prove that, union of finite number of
number of open sets is always open.

ne open and close sets in n-dimensional Euclidjan space
open sets is open. Prove/disprove that the union of infinite
[5+5=10]

3. Aa) Define almost sure convergence, convergence in probability and couvergence in distribution. Stfmte
Borel-Cantelli Lemma, Suppose f, — [ pointwise. Can we say that [ f,du — J fdu? Explain with
suitable example.

(b) Let 1 be a non-negative, finitel

y additive set function on field F. If Ay, Ay, --- are disjoint sets in F
and (J3Z, A, € F, show that

p (U A,,) > > u(A)

1=1 n=1

[5+5=10]
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4.

5.

(a) State Fatou’s lemma, Levy continuity theorem,, and Heine-Borel Theoren.
(b) Determine the radius of couvergence and interval of convergence for the following power series:

o> e

. |
S Zaz—gy U awn A o
n=1 7 A _}::_ e }-5_]-
AL V=M
B+5=10] - 2=
Wi WAl
(a) For any characteristic function ¢(t), explain why |¢(t)] < 1 7 Consider the random variable X that £ 8

has a standard Cauchy distribution. Show that the moment generating function does not exist for thig
random variable on any real intervat with positive length. Does the characteristic function exist for X7
(b) If X ~ Ezponential(}) , show that

A
A—jw’

dx(w)

[5+45=10)

(a) Define adherence point and accumulation point of a set S C R™. If A is open and B is close, explain
why A — B is open.

(b) State Bolzano-Weirstrass theorem and illustrate with a suitable example.

(¢) Define Closure of a set. Show that A set S is closed iff § = S. Define Derived set. Show that, a set is
closed iff it coutains all its accumulation points.

[B+3+4=10)
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M.Sc. Examination, 2022
Semester-1
Statistics
Course: MSC-13
(Statistical Inference-1)
Time: Three Hours Full Marks: 40

Questions are of value as indicated in the margin
Notations have their usual meanings
1. Answer any FOUR questions of the following. 4x5=20
(a) Let (X,,XJ,..., X,,) be a random sample from R (0.8) distribution with unknown

parameter@. Write X, == max (X,.X5,....X,). Then, if L(@) denotes the

Jikelihood function, show that, [or &> 0. L(/‘s’, ,”)2 L(8), and make your comment.

\,/d)) Suppose X, ;i =1(1)n follows Bernoulli with parameter&. The prior distribution
of 0 is Beta with parameters & and 3. Find Bayes estimate of & under squared

error Joss.

' () Let (X,,X,,...X,) bc a random sample of sizc.n drawn [rom Bernoulli
|

n(n-1)

| population with parameter z . Find an UMVUE of g(7) = [ +nx - 7.

‘7(6) Describe Kendall’s 7 and derive its association with U-statistic. :

(e) Describe squared error loss function, absolute error loss function and all-or- ;

nothing loss function. What are the Bayes estimates in these cases? Comment on
Bayes estimate of mean of normal distribution.

(N Define U-statistic ol degree m. Show that U-statistic is an unbiased estimator of

population variance.
2. Answer any TWO questions of the following.
«',aa/Describe maximum likelihood mcthod of parameter cstimation. Slate. ils L

yroperties. Suppose X, .X,,...X )is a random sample of size n from a
1 & "

distribution with cdf
F(x|la,p)=0 ifx<0

_(;J if0<x<pf
=1 ffx > ﬁ

where the parameters a(>0) and A(> 0)are unknown. Obtain the maximum
likelihood estimators of aand 3. 3+3+4
) Find the mean of U-statistic. Derive the limiting form of variance of it. State

the result regarding the asymptotic distribution of U-statistic with conditions, if any.
3+443

P e T s T

-

(c) Derive Bayes estimatc of a real parametric function y(@) under squared error
loss.” Let X, X», ..., X be samples drawn from a normal distribution with mean
and variance o, where 2 is unknown. The prior distribution of z is assumed to
be normal with mean y and variance 5*. Derive the Bayesian point estimate of u
under the quadratic (squared error) loss function. 4+6




1. (a) Explain the r&

(b

2. (a) Explain how the

~

-5
/ n({ol’ simple random sampling.
)

(b) Find the approximate ex

{¢) Also

:/é- Merive {he expressions ol the first,
SRSWR (N, n) designs.

.
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Answer any four questions.

tionale behind the randomized response technigue.
rLions ol the people of West Bengal belonging Lo dilferent.

ow you will estimate the propo
d, where the unrelated question has multiple

) Describe h
political partics by unrelated questionnaire metho
ANSWELS.

446
double sampling t.cchniq{ﬁ can be applied for the ratio estimation of the popu-
Jation total.
pressions for the bias and the MSE of the estimator of the population

total under this sampling scheme.

find the condition under whic mple random sampling.

1y the scheme outperforms sl
24-6+2

and second order inclusions probabilities in PPSWR (N, n) and

jve sample sizes in these two cases separately. You

(b) Also find the expected values of the effect
should derive the necessary results.
4+6

informative Sanzgl:lggﬂgl“qs_igns.
class of HLUE

informative and non-
HLUE). Prove that among the

(a) Distinguish between in
linear unbiased estimator (

[ Define homogeneously
5, no one exists with uniformly minimium varianee.
2+(2+6)

J8) What do you mean by two stage sampling? Compare its relative merits and demerits with that
Suggest an unbiased estimator of the population total under this sampling schemne and find its

variance.
ain the optimal s17

(¢) Describe how can you obt
t. (You may assume that cach first stage

cond stage samples subject

es ol the firsl and the se
the same mumber of second

to a given cos unit contains
stage units).
3+3+4

unbiased [or the population tolal under PPSWOR.

overcome it?
babilities um

yove thal il is
timator and how can you

he first order inclusion pro

Define Desh Raj's estimator. P
What is the drawback of this cs

(b) Define Midzuno's sampling scheme. Find t

der this scheme.
(2+2+2)+(2+2)




M.Sc Semester I Examination, 2022
Statistics
MSC-15(Practical)
Time: Four Hours Full Marks: 40
One may use computer, if nccessary

. Following data represent a random sample of size from the Cauchy population
; . I I
with the probability density function Tl B) sor—arm— 2] SR v.0 <w»w. Find
T le{x &)
out the MLE of@. The obscrvations are 3.8807, 2.9957, 5.2043, 4.9893, 2.7468,

4.9557,4.9367, 3.9649, and 3.1674. i
_2. Consider the problem of point estimation of @ in N(0,1). Given that @ belongs to

[-1, 1]. On the basis of'a sample of size n, the following estimator has been delined.
T=-1if X <1
=X if -1< X LI
=Tif X >1;
X being sample mean. Assuming (i) squared error loss and (ii) absolute error
loss draw the risk curve of X and T over the range & < [-1,1] on the same graph

paper and comment. Take n=15. 8
3. (iSuppose that the two observations on each of three treatments are as
follows.

Treatments

i ] g
‘-&-,NPJ

Assuming the linear model to be
v =XB + e, where 8 = (4 t1.t2. t5), find the BLU cstimates of the following

functions:
a. M

bt

b
C. 2#""51‘{’1‘:
d

PO
#TTLATLE

) 4=
H 3

o

t] i b t:
(i) Would you like to reject the null hypothesis £; — > = 7 at 5% level?
8+6



/a./ Consider the following data on perspiration in 10 healthy females measured in
terms of sweating rate (¥} along with 2= = Na content and 23 = Kacontent,

| No. | %1 [ A- {}*’3

1 |37|485][93

2 571651 |8

3 |38/472]109

a4 [32]s3.2]12

5 3.1 555 (9.7

6 |46]|361(79

7 |24l208(14

'8 72033176

9 |67]474]85

10 |5.4 (541113

Assuming X ~ N{u, ), perform a test procedure to test the following hypothesis:

iy
Hg: pe = (50)
=10
4
5. Practical Note Book and Viva-Voce 5
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" MLSE Exitininition 2022
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Course: MSC-16

Full Marks: 40 Time: 4 Mours

1. Atan experimental station; there are 80 fields sown with wheat. Each field was divided into
16 plots of equal size (1/16"™ hectare). Out of 80 ficlds, 8 were sclected by SRSWOR, From

cach selected field, 4 plots were chosen by SRSWOR. The yields in kg/plot are given below:

Selected | 1 2 3 |4 5 6 7 8
Field

Plots Yield

1 432 4,16 3.06 4,00 4,12 4.08 5.16 4.20
2 4.84 4.36 4.24 4.84 4.68 3.96 424 .| 4.66
3 3.96 3.50 4,776 4.32 3.46 3.42 4.96 3.64
4 4.04 5.00 3.12 3.72 4.02 3.08 3.84 5.00

0]
(ii)
(iii)

Estimate the yield of wheat per hectare for the experimental station along with its
standard error. '

How can one estimate obtained from a simple random sample of 32 plots be compared
with the estimate obtained in (i)?

Obtain optimum n and m under cost function 5n + 2 mn = 100, where n and m
respectively stand for the number of first stage units drawn and the number of second
stage units drawn from each sampled FSU by SRSWOR. 5-+3-+4

2. Consider the following population data.

Unit Number X-value y-value
1 7 32
2 11 41
3 ; 4 25
4 10 67

Compare the performance of Desh Raj’s estimator with Horvitz-Thompson estimator
assuming a PPSWOR sample ofsize 2 is drawn. 8

3. A survey on 32 household was conducted and Warner’s randomized response technique
(Related Question method with 7 = 0.61) was applied among the heads of the households to

ask about the habit of underpaying the income tax. The actual amount of income tax
underpaid is given in the following table.



?
b3
/ R
ik /jm_’/r Amount underpaid
S/ \°" I-Iousello_ld_______——————-”/’l_’_’_
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}2 7 - 1500
17 5 L= 0
2 0 1100
T , 0 1825
20] ! = ]4007
- e e S s S S
,HEZ 3 1 -~ 342
23 2 1- 645
24 4 [ 0
25 3 0 713
26 5 0 1822
=27 C ) I, P F—
g - B e | —— b — 1623
29 5 1~ 1108
B e et Mmooy | SIS ot o 365_
31 2 17 0
32 3 1- 1409 ]
(i) ‘Take a sample of 4 households using Rao-Hartley-Cochran’s sampling scheme.

(ii) Estimate the total amount of income tax underpaid by these 32 houscholds under the
above scheme. Also provide an unbiased variance estimate. '

(i)  Use the sample to estimate the proportion underpaying the income tax.

(iv)  Now take a sample of 4 distinct households using Lahiri’s method. Provide an
estimate of the total amount of income tax underpaid under the sampling scheme.

4, Practical Note Book an

d Viva-Voce.

543+2+5.
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